The orbifold approach to string compactification is reviewed. The construction of non-supersymmetric, modular invariant string theories in ten dimensions is also discussed.
Introduction
Present attempts to make contact between ten-dimensional string theory and four-dimensional physics have relied on the existence of six-dimensional compact manifolds termed Calabi-Yau spaces which have been argued to yield classical solutions to the string equations of motion [I] . Equivalently, the two-dimensional sigma-models which describe string propagation on these spaces are conformally invariant. Zero modes of the relevant wave equation on these spaces then correspond to massless four-dimensional fields and it has been shown that the resulting four-dimensional theories have attrctive phenomenological properties [2] . In a certain limit some of these Calabi-Yau spaces have a particularly simple description in terms of a flat torus with points identified under the action of a discrete group of rotations [l, 3-51, Such spaces are known as orbifolds and will be the main subject of my talk. String compactification on orbifolds has been treated extensively in Refs. [4, 51. The reader is referred there for details.
As I will discuss, string propagation on such an orbifold can be solved exactly. Because one can solve for the full spectrum of the string theory, calculations which would be impossible on Calabi-Yau spaces become quite tractable in the orbifold limit. In addition, it now appears that many Calabi-Yau compactifications that solve the string equations of motion to all others in sigma-model perturbation theory are destabilized by non-perturbative effects except in the orbifold limit [6] . Thus orbifolds offer largely unexplored possibilities for obtaining phenomenologically realistic models that are not possible in conventional Calabi-Yau compactifications.
The outline of this talk is as follows. I will first give a definition of what an orbifold is and then illustrate this with two examples. The first example is the moduli space of Riemann surfaces. The orbifold structure of this space will not be directly relevant to what follows, rather I will use this example to describe the role of modular invariance in string theory. The second example involves the K3 surface which is the unique, compact, simply-connected Ricci-flat Kahler manifold in four-dimensions. It is this second example which has interesting generalizations to six dimensions and which will provide the starting point for discussing string compactification on orbifolds. I will then discuss the role that modular * Supported by NSF Grant PHY80-19754. invariance plays in studying string compactification and discuss the bosonic string compactified on a torus and on a simple orbifold as illustrative examples. These ideas will then be applied to treat compactification of the heterotic string [7] on six-dimensional orbifolds. Because of the chiral structure of the heterotic string there are non-trivial constraints on such compactifications. I will discuss these constraints and the analogies to Calabi-Yau compactifications. I will then show how these orbifold ideas can be extended to yield modular invariant but non-supersymmetric string theories in ten dimensions [8-111 and will briefly discuss some features of the tachyon-free O( 16) 0 O( 16) theory which is the most interesting theory in this class.
Two orbifolds
An orbifold is a simple generalization of a manifold. Each neighborhood of a point in a manifold is modelled on an open subset of Euclidean space. For an orbifold each neighborhood of a point is modelled on an open subset of Euclidean space with points identified under the action of a finite group of transformations.
One important example of an orbifold that appears in string theory is the moduli space Ag of Riemann surfaces of genus g, Zg. Recall that Teichmiiller space Fg is the space of conformal equivalence classes of Riemann surfaces of genus g. In the Polyakov path integral the integral over all metrics on Zg reduces to a finite dimensional integral over the 3g -3 coordinates of Teichmuller space after dividing by the action of the group of diffeomorphisms and Weyl (conformal) rescalings of the metric. However this is not the whole story. For g > 0 a Riemann surface Zg has global diffeomorphisms i.e. diffeomorphisms which are not connected to the identity. Define the mapping class group by
where Dzff' (Zg) is the group of orientation preserving diffeomorphisms and Diff: (Eg) is its connected component.
Absence of anomalies under global diffeomorphisms implies that the functional integral is invariant under so we should integrate not over Fg but rather over the moduli space
Invariance under rg plays a crucial role in string theory, particularly in chiral theories such as the heterotic string, and also plays an important role in conformal field theory in general [ 121. To see that moduli space has the structure of an orbifold consider the torus (g = 1). Conformal equivalence classes of metrics on the torus are labelled by a single complex parameter t which can be chosen so that Im 7 > 0 as shown in The transformations S : t -+ -l/t and T : t --t t + 1 generate all of SL(2, Z ) and have a simple description in terms of their action on the torus. If (a, t ) are coordinates on the torus then S corresponds to interchanging the a and t directions and T corresponds to cutting the torus along a line of constant t , twisting one end by 2n, and then rejoining. Moduli space d l = H/SL(2, Z ) consists of a single fundamental domain of the modular group and is shown in Fig. 2 .
It is now easy to see why d l has the stucture of an orbifold. SL(2, Z ) acts freely except at the point i, which is left fixed by the Z, group generated by S, and at the point e = e2ni13 which is left fixed by the Z3 group generated by ST.
Thus dividing by SL(2, Z ) generates conical singularities in AI at the points i and e. It is not hard to see why these points are singled out. At these points the lattice defining the torus has discrete automorphisms and hence some elements of SL(2, Z ) do not properly generate non-trivial transformations of the torus. This feature persists in higher genus. The orbifold points of moduli space correspond to Riemann surfaces with discrete isometries. For more details see Refs. [13, 141. There is no direct connection between the orbifold structure of moduli space and the orbifolds used in string compactification. In some cases however, calculations of treelevel correlation functions for strings on orbifolds can be related to correlation functions evaluated on the Riemann surfaces which occur at the orbifold points of moduli space [14, 151. As a second example of an orbifold consider a four torus T4 with two complex coordinates z I , z2 with z, -z, + 1, One generalization of this construction to six dimensions was described in Ref. [l] where it was used to form a particular Calabi-Yau space. Other constructions along these lines are discussed in Ref.
[3]. Although these spaces are rather complicated and have never been constructed explicitly; as we have seen, they have a very simple description when the size of the analogs of the Eguchi-Hanson spaces approach zero. I will refer to this as the orbifold limit. What is rather striking is that one can study string propagation directly on the orbifold without repairing the singularities in the way sketched above. The problem of describing string propagation on an orbifold can be put in a slightly more general setting which I will now describe.
Modular invariance and bosonic string compactification
Consider a consistent string theory with a symmetry group G. We wish to construct another string theory whose Hilbert space 2 consists of states invariant under the action of G. The naive procedure that we would use in quantum mechanics is to construct a projection operator B = l/[ G I C,,,g and to project onto the subspace of 2 with eigenvalue one under 9. Calculating correlation functions with B inserted to project onto G-invariant states has a simple description in terms of paths integrals on the torus. Given coordinates 0 < a < n, 0 < t 6 n on the torus, one simply sums over fields periodic in t up to a transformation by all possible group elements.
In a closed string theory this procedure does not yield a modular invariant string theory. This is simple to understand in terms of path integrals. Since the modular transformation t -+ -I / t interchanges a and t directions on the torus, changing the t boundry conditions without 'changing the a boundary conditions does not preserve modular invariance. In order to find a modular invariant answer we must sum over both t and a boundary conditions on the fields. In a Hamiltonian framework we are instructed to first project onto G invariant states and then to include "twisted" sectors of the Hilbert space in which the string coordinates are periodic in a only up to a group transformation, again projected onto G invariant states. This procedure is necessary but not sufficient to gaurantee modular invariance. In general determining whether modular invariance is preserved is rather difficult. Modular invariance certainly requires the existence in twisted sectors of states with Lo = Lo, i.e., equal contributions from left and right-movers to the (mass)' operator. Luckily in the examples we will consider this is sufficient to gaurantee modular invariance, at least at oneloop level [16] .
Before describing examples of this construction it is useful to introduce some terminology. In general we will be interested in studying string propagation on Rd/S where S is a space group with elements g = (6 v ) consisting of rotations 6 and translations v which act on x E Rd by The point group P c S is defined by P = (8 I (8, v ) E S}. In general one must also consider the group P = S / A which consists of rotations which may be accompanied by translations.
I will illustrate these ideas with two examples involving the compactification of the closed bosonic string. For simplicity I will work in light-cone gauge. The simplest and best understood example of compactification is compactification on a torus. If we consider a r-dimensional torus then we wish to study string propagation on R24-r Q T' R2'/4 where is a rank r lattice. Then as is well known the projection onto invariant states simply says that the center of mass momentum of the string, p , lies on the lattice dual to r;, p E I-,*. The "twisted" sectors correspond to string closed up to an element of
where g is translation by L. These are just string states that wrap around non-contractible loops on the torus T'. Modular invariance of this method of string compactification was explicitly checked in Ref. [17] .
A somewhat less trivial example involves the bosonic string compactified on an orbifold. For simplicity I will choose an example that can be worked out quite simply. Take an eight-torus T 8 with real coordinates xi with x' N xi + 1, i = 1 . . . 8. The point group will be 2, generated by 8 with Ox' = -2. Acting on T 8 , 8 has 28 fixed points (XI, . . . , x8) = (4' , q ' , . . . q8) where each q' is equal to 0 or 1/2. In order to check for modular invariance at the one-loop level we should calculate the partition function 
of the Lorentz algebra in light-cone gauge, by constructing the Virasoro algebra in the twisted sector or by using zeta-function regularization of the zero-point energy following Brink and Nielsen [18] . However one does it the result is that a bosonic coordinate with Z + 1 moding, 0 < 1 < 1, contributes -(61' -61 + 1)/24 to the normal ordering constant. Fermions with Z + 1 moding contribute minus this. In our case this gives a normal ordering contribution of (8/48 -16/24) = -1/2 which accounts for the factors of Lo -1/2 and e, -1/2 in the second term in eq. (3.4).
Finally one must expand about each of the 28 fixed points in the twisted sector since each of these corresponds to a solution of the classical equations of motion.
Putting all these pieces together and evaluation the traces yields the result (3.5) where the integral runs over a fundamental domain for the modular group or equivalently the moduli space for the torus and Z,(t) is the usual closed bosonic string partition function
In (1 -9) 1-'8, Although this expression appears a bit complicated the important thing to note is the behavior of the various terms under modular transformations. Using the definitions and transformation properties of Jacobi 0 functions it is easy to check that under z -+ -l/z, 2:-c+ 2;' with Z,++ and ZC--left invariant and that under z -+ t + 1, ZC-+ c1 ZC--with Zft+ and 2:-left invariant. This can be simply understood in terms of paths integrals on the torus. 2, is the partition function for the bosonic string in 26 uncompactified dimensions. Z:+ corrects this by a factor which includes a sum over momenta and winding numbers on T 8 and corresponds to the Tr 1 piece in the untwisted sector, i.e. boundary conditions periodic in both 0 and t. 2;-corresponds to the Tr 8 piece in the untwisted sector i.e., boundary conditions periodic in 0 and antiperiodic in t. Under t + 112, which interchanges 0 and t, this term goes into ZC-+ corresponding to Tr 1 in the twisted sector. Similarly z -, z + 1 multiplies Physica Scripta TIS the t boundary condition by the CJ boundary condition and thus takes 2;' + 2;-as it should.
This structure has a direct analog in the Ramond-NeveuSchwarz formulation of the superstring where there is a Z , symmetry generated by ( -1)" where F is the world-sheet fermion number. The GSO projection [19] projects onto 2, invariant states and the untwisted and twisted sectors correspond to Ramond and Neveu-Schwarz sectors of the superstring.
Heterotic string on orbifolds
I would now like to apply this approach to compactification of the heterotic string on a six-dimensional orbifold. In lightcone gauge using the RNS superstring formalism the rightmoving physical degrees of freedom of the heterotic string consists of the right-moving fields of the superstring, X ' and Now let us ask what restrictions there are on the point group P when we try to formulate the heterotic string on an orbifold of the form T 6 / P . The first non-trivial restriction required by modular invariance is the existence of a physical subspace in all twisted sectors. For general P the normal ordering constants h, and h, in Lo and to as determined by the earlier formula will have no simple relation to each other. When P is trivial h, = 0, h, = -1 and since there are integer moded oscillators there will always exist a physical subspace. A general P c SO(6) will change the boundary conditions in the twisted sectors for the right-moving fields I)', Xi, i = 1, . . . , 6 and for the left-moving fields 8'. As a result, in general, h, # h, and since h, -h, is quadratic in one over the moding this difference cannot be compensated for by the action of oscillators which shift Lo and to by an amount linear in one over the moding.
Although there are other possibilities which I will mention later, one way of gauranteeing the existence of a physical subspace in the twisted sectors is to embed the point group P in a subgroup of E, 0 E, in analogy to embedding the spin connection in E, 0 E, when discussing Calabi-Yau compactification. This is easiest to see in the fermionic formulation of the theory. We have the point group P and a homomorphism $: P + P" t E, @ E,. Consider g E P with g" = 1 and suppose g has eigenvalues e2niro'n in U(3) c O (6) and its image g E has eigenvalues e2nipt'n, e2n'gi'n in U (8) In the field theory approach to compactification on a Calabi-Yau space one has the tangent bundle T and an E, 0 E8 bundle V which must satisfy the condition p , (V, R) = p , ( T , R) on the first Pontrajin classes with real coefficients. It was argued in Ref. [20] that modular invariance of the heterotic string also requires equality of the torsion parts p , ( V , 2) = p , ( T , 2) . The restriction in eq. (4.3) appears to be equivalent to this latter requirement [21] . Choosing P" to lie in a SO(6) subgroup of one E, commuting with a SO(10) subgroup always yields a solution of eq. (4.3). Other possibilities are also of interest and will be discussed briefly later.
The second restriction we wish to impose on P is that the spectrum should be free of tachyons in the twisted sectors. Any element 8 E P c SO(6) must act crystallographically.
Thisimplies that 8" = 1 wheren = 2, . . . 10, 12, 14, 15, 18, 20, 24, 30 . This is the six-dimensional analog of the fact that in three dimensions crystal can have only two-, three-, four-, or six-fold symmetry axes. We can diagonalize such an element of P so that 8 = e2n'(oJ12+bJ34+cJ56) , On e then finds that only elements 8 with * a L b & c = 0 for some choice of signs yield tachyon-free spectrums. Acting on the 4 and 4 spinor representations of SO(6) 8 has eigenvalues en'(*u*b?rO so each tachyon-free element fixes at least one component of the 4 of SO(6). Remarkably there is a simple argument that shows that this is enough to ensure that the whole point group P must lie in an SU(3) subgroup of SO (6) [5] . Thus as long as we restrict ourselves to the standard embedding of P in E, we must choose the point group to lie in SU(3). This is of course analogous to the fact that Calabi-Yau spaces have SU(3) holonomy. For an orbifold T 6 / P , P acts as a discrete holonomy group since not only points also tanget vectors are identified under the action of P.
In order to obtain realistic four-dimensiona grand unified models we would also like to have a small number of chiral generations. With P c SU(3) and the standard embedding, E, 0 E, will be broken down to E, 0 E, with perhaps some subgroup of SU(3) also left unbroken for special choices of P. As in Calabi-Yau compactifications the number of E, generations is given by x ( K ) / 2 where x ( K ) is the properly defined Euler number of the orbifold. Using the relation between Tr (-1)" and x [22] Here X g , h is the Euler number of the intersection of the fixed point sets of the commuting point group elements g and h. As a simple example consider K3. Then P = Z , generated by 8: zi + -z i with 16 fixed points so eq. (4.4) gives x ( K~) = (XI,I + Xi,e + Xe,i + Xe,e)/2 dimensional Minkowski space invariant. This leaves only a small number of possibilities. We can take G c E, 8 E,, Spin(32)/Z2 but it is easy to show that this just gives back
(4.5) one of the two heterotic strings although it is possible to start Note that this is the correct Euler number for K3 that we obtained earlier including the contributions from the Eguchi-Hanson spaces needed to repair the singularities. Equation (4.4) involves only the point group of the orbifold yet somehow correctly calculates the Euler number taking the Eguchi-Hanson spaces into account. With a certain amount of work it is possible to classify all models with the standard embedding that can yield a small number of generations. The details can be found in Ref. [5] . The result is that there are no three generation models and only a handful of four generation models. The four generation models that probably have the best phenomenological prospects are a model with point group T, the symmetry group of the tetrahedron, and fundamental group Z2 8 Z2; and a model with a 27 element "dihedral" subgroup of SU(3) with fundamental group Z3 8 Z3.
A more promising approach to obtaining realistic models via orbifolds is to consider non-standard embeddings of the space group in E, 8 E,. There are a variety of possibilities, none of which have been fully explored. In some cases it is possible to use non-standard embeddings of the point group in E, 8 E, .'For the simple case P = Z3 there are four possi-a bilities including no E, 8 E, breaking, corresponding to P = 1, and an embedding which preserves the symmetry between the two E, factors and gives an unbroken gauge group of E, 8 SU(3) 8 E, 8 SU(3). Another possibility is to choose a non-trivial embedding of the translation subgroup of the space group as well. In terms of group elements (P, A, E, 8 E,) this means we have elements (a, 0, 8) corresponding to embedding the point group as well as elements (l', ei, yi) where e, E A. Roughly speaking these latter elements correspond to Wilson lines on the torus before dividing by the action of P. Finally one can apply orbifold ideas to the compactifications discussed by Narain [23] which correspond to toroidal compactifications with background torsion [24] . It will be interesting to see whether any of these ideas lead to models with low-energy phenomenology that is dramatically better than that of Calabi-Yau compactifications or whether some more radial possibilities need to be considered. There are clearly a large number of possibilities but so far no guilding principle to determine which one might be chosen by nature.
Heterotic string without spacetime supersymmetry
I have so far been emphasizing compactification of string theories but clearly the general procedure discussed earlier of projecting a string theory onto group invariant states can be more widely applied. I now wish to discuss how this procedure can be used to classify modular invariant string theories in ten dimensions which are related to the heterotic string. The possibility of obtaining new modular invariant theories has been addressed by several groups recently [8-111, mainly in the context of the fermionic formulation of the heterotic string. I will discuss an aproach used in collaboration with L. Dixon using the bosonic formulation which gives a particularly simple method of classiyfing the possibilities [9] .
The idea is to follow the procedure I have outlined applied to symmetry transformations of the theory which have ten-
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with E, 8 E, and obtain SpZi7(32)/Z2and vice-versa [5] . We can also take G = (-l)F81 where F,, is space-time fermion number, or equivalently G corresponds to a 271 rotation about some axis. Again one can show that this just gives back the heterotic string. The final possibility is to take G = (-l)FJ1y with y E E, 8 E, or y E Spin(32)/Z2 and y2 = 1. The easiest way to represent y is to choose a Cartan subalgebra so that y acts as a translation ya = eZnids'. Modular invariance requires that d2 = 0, 1,2 and the fact that yi = 1 implies that 26 E r, 8 r,, r16 where r, is the E, root lattice and rI6 is the weight lattice of Spin(32)/Z2. There is one other possibility for y which is to choose it to act as the outer involution of E, 8 E, which exchanges the two E, factors. Thus in this approach the problem reduces to classifying inequivalent shift vectors in these lattices mod 2. This classification is given in Ref. [9] and yields the theories given in Table I .
Clearly the most interesting possibility is the tachyon-free model with O( 16) 8 O(16) gauge group. This model was also discussed in Ref.
[lo]. It is not hard to show that this theory has a finite, positive, one-loop contribution to the cosmological constant. A. The fact that A # 0 implies the existence of a dilaton tadpole at one-loop which in turn implies that ten-dimensional Minkowski space is not a solution to the string equations of motion. While this is a promising indication it is unfortunately not known whether this theory has any perturbatively stable vacuum states except at zero coupling. The phenomenological prospects of this model are therefore uncertain until it is understood how to find stable string vacua whithout spacetime supersymmetry.
Discussion
I would like to end with a few comments and speculations. At first one feels rather uncomfortable with the idea that space -even an internal space with radius of order the Planck length -should be allowed to have singularities in string theory. Of course usually singularities indicate a lack of understanding, such as in the physics of black holes, whereas at orbifold singularities we understand precisely what is going on. Thus scattering amplitudes for strings on orbifolds are finite and well behaved in spite of the singularities [14, 151. This, plus the fact that the orbifold construction and its generalization seems so canonical in string theory, makes it seem in some ways more fundamental than Calabi-Yau compactifications. Actually, I would find it rather surprising if our ideas of the structure of space could be extended in so trivial a way to such short distances. It is quite likely that orbifolds are just a hint of some other structure that will generalize our concept of spacetime. In studying orbifolds many topological and geometric questions that one would ask about Calabi-Yau spaces are reduced to fairly simple questions of algebra and finite group theory. This relation between geometry, algebra, group theory, and even number theory seems likely to play a fundamental role in string theory in a variety of contexts [25] . Hopefully it will eventually lead to a connection between the phenomenological applications of string theory and the development of its formal structure. 
